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Differentiate with respect to x
(@) y = x* tan"'x,

Inx

by = 2+l = > 0. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 2.1 2 2.1.1 1.2.4 1996 SY1 Q1
(b) 3 1.2 3 1.2.4 1.2.5
(a) y = X tan™' x
& = 2xtan'x + 1 for the product rule
dx 1 + 22
1 for derivative of tanlx
(b) _ Inx
Y ¥+ 1
i + 1) - 3221
% = x € @ )+ e nx 1 for quotient rule

1 for handling Inx

1 for derivative of denominator

(° + 1) - 38 lnx

x(x® + 1)
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The point A represents -5 + 57 on an Argand diagram and ABCD is a square
with centre —2 + 2i. Find the complex numbers represented by the points B,

C and D, giving your answers in the form x + iy.

level Content Reference:
part marks Unit C Main Additional Source
4 23 4 23 235 1996 SY1 Q2
Ais -5 + 5i, centre -2 + 2i,
-5+ 5 F 1+ 50
1 for a diagram or
X other approach
-5 — 1 -
1+ 5,1 —i, -5 -1 L1,1
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Use Gaussian elimination to solve the following system of equations.

X -z =2
2y — 3z =6 5
2x + ¥y + z =1
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.5 5 1.5.4 1996 SY1 Q5
1 0 -1 |2
0 2 -3 |6 1
2 1 1 1
1 -1 2
0 2 -3 6 1
0 3 -3
1 0 -1 2
0o 2 -3 6 1
0 0 45 |-6
z = -4 1
y=Lx= % 1
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I have just received a letter from Scottish Condensed Books PLC telling me
that I have won a prize in their contest. They tell me that I have won an
income for the rest of my life and have arranged for the prize to be paid as
follows.

At the end of the first year, I will receive £10 000; at
the end of the second year I will get £12 000; at the end
of the third year £14 000 and so on, with the amount
increasing by £2000 each year.

What will my total prize money amount to at the end of the n™ year? 3
How many years will I have to live before the accumulated prize money
exceeds £250 000? 2
level Content Reference:
part marks Unit C A/B Main Additional Source
3 24 3 242 1996 SY1 Q7
2 24 2 24.2
An arithmetic series witha = 10000 and d = 2000. 1
S» = 100600 + 12000 + 14000 + ...
=§{20+(n—1)a’} 1
= 2{20000 +(n - 1)2000} 1

= n{10000 + 1000z ~ 1000}

= 1000n(9 + n).
Note that the formula need not be simplified to obtain the third mark.

10007 (9 + n) > 250000 1 for an initial inequality
n* +9n > 250
(n + 44 > 250 + 20%
= 270%
n+ 4% > 16439...
n > 16439 - 45
= 11.939
It takes 12 years. 1
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(a) By using the substitution # = 2 sin x, or otherwise, evaluate the definite

integral
16 COSX
—dx. 4
o 1+ 4sin?x
(b) Use integration by parts to find
[ Inxdx. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 1.3 4 1.34 1996 SY1 Q8
(b) 3 2.2 3 222
(d) u = 2sinx; du = 2 cosxdx 1
x=0=2u=0;x=f=u=1 1
3 COSX 1 /2 1
— —dx = = d
01+4sin2xx 2_1‘0l+1u2 "
= 4tan"u]o
=7
3
(b) [P Inxdx = Inx[2dx - [L{3x) dx 1
1 1
= 3- *Inx - §x3 + c. 1 for first term

1 for second term
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Solve the equation

Z+\V8z+4=0
for the complex number z.
Give the modulus and argument of each of the roots and illustrate them on an

Argand diagram. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 2.3 5 2.3.11 235 1996 SY1 Q10

F+V8z+4=0

-Vv8 + VB = 16 .
z= 2 1 for using formula
_ V8 + VB )
2
= V2(-1 = i)
1 = V2(-1 + i)
= |z| = J(V2? + (V2)* = 2and argz, = tan™’ (:%) = 3% 1
= V2(-1 = i)
= |z = JOV2? + (V2)* = 2and argz, = tan™ (—:%) = é‘f— 1
X
1
X
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Let f be the function given by

fx) = 6x - 5x - 1.

Find algebraically the values of x for which the slope of this function is

between -3 and 3.

level Content Reference:
part marks Unit C Main Additional Source
5 1.2 5 1.2.8 1996 SY1 Ql12
6x" — 5x - 1
18 - 5
182 -5 <3 1
8
4
9
-—— < x < - 1
182 - 5 > -3 1
18 > 2
S 1
¥ bl
9
1
X>—-orx < —— 1
Combining these
-2 < x< -dord < z 1
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When a valve is opened, the rate at which the water drains from a pool is
proportional to the square root of the depth of the water.
This can be represented by the differential equation

dh _
dt

Vh

- h 2 0,

10’

where 4 is the depth of the water (in metres) and ¢ is the time (in minutes)
elapsed since the valve was opened.

(a) Express A as a function of ¢.
(b) Find the solution of the equation given that the pool was initially 4 m deep.

(c) The next time the pool had to be drained the water was initially 9 m deep.
How long will it take to drain the pool on this occasion?

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 2.2 4 2.2.5 1996 SY1 Q13
(b) 2 2.2 2 225
(c) 3 2.2 3 2.2.5
(2) dh _ _vh
dt 10
o, 1
[nan = J.—Edt 1
i t
- X 1
- 100 ¢
c H
h = -~ — 1
v 2 2
2
c f
h = (— - —) 1
2 20
M) t=0,h=4=24=((=c=4 1
. h=02-4) 1
(¢) Usingh = (§ - £)* again
t=0,h=9=29=(=c=6 1
h=03-4° 1
h=0>=1= 1
The pool would take 1 hour to empty.
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(a) (1) Show that

%j:\/x+ ldx = (a + Df - 1
(ii) Hence find f(l) Vx + 1dx correct to 3 decimal places,

level Content Reference:
part marks Unit C A/B Main Additional Source
(@) 2 1.3 2 1.3.2 1996 SY1 Q14
(a)(ii) 2 1.3 2 1.3.2
@ @ 3 [V Tdx = [+ 1, 1
= (a+ 1)f - 1 1
‘e 1
(i) J Ve Tax = g—[(l + - 1] 1
= —g-(zx/z - 1) = 1.219t03 dps 1
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(a) Find a real root of the cubic polynomial

c(x)=x3—x2—x—2

and hence factorise it as a product of a linear term /(x) and a quadratic

term g (x). 3
(b) Show that ¢ (x) cannot be written as a product of three real linear factors. 1
{(c) Use your factorisation to find values of A, B and C such that
5x + 4 _ A . Bx+ C
P=-xr-x-2 I qg(x)
Hence obtain the indefinite integral
Sx+ 4 d. -
XB-x-x-2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 1.1 3 1996 SY1 Q15
(b) 1 1.1 1
(c) 7 2.2 7 2.2.1
(@A cx)=xX-F-x-2
c(2) =8-4-2-2=20 1
s = (-2 +x+ 1) 1 for division,

1 for stating ¢ (x)

(b) Thediscriminantof x> + x + lis! — 4 < 0 so no real factors.

(c) 5« + 4 A Bx + C

x3—x2—x—2_x—2+x2+x+1'
S+ 4 =A +x+ D+ B+ O)(x -2
x =2 14 =7A = A =2

x =0 4 =2+C(-2)=>C = -1
x=1; 9=6+B+1(-1)=B=-2
5« + 4 2 2x + 1

dx = - d
J.x3—)c2—x—2x -[x—2 x2+x+1x

n(x-2)-In( +x+ 1) +¢
2 +x+1 '
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(a) Two straight pieces of fencing XY and YZ, linked at Y, are used
together with a straight wall to make an enclosure XYZ as shown,
Given that XY has length a metres and YZ length b metres, write
down an expression for the area of XYZ and find the value of the

angle @ which maximises this area.

Y

6

(b) Two straight walls meet at A at an angle . A straight piece of fencing
PQ of length 10 metres is used to create an enclosure APQ as shown.

(i) Show that the area APQ is given by

50V/2 sin ¢ sin (%ﬂ - qb).

(i1) If the angle ¢ is varied, using differentiation or otherwise, find the

value of ¢ which maximises the area APQ.

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 1.2 3 1.2.8 1996 SY1 Q16
(b)(1) 4 1.2 4 1.2.8
(b)(ii) 4 1.2 4 1.2.8
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(a) AreaA,(#) = Yagb sind
A5(0) = Yaabcos® = 0  when6 = .
AZ(0) = —Veab sin@; AY (%) = —Vaab < 0
.. the area is maximum when # = %.

) () ZAOP = 2 _ 4
4
AQ 10
sin ¢ - sin
= AQ = 10v2sin¢

Area of APQ, A (¢)

% x 10 x 10v?2 sin ¢ sin(%‘t - ¢)

= 50V2 sin ¢ sin (%” ~ ¢)

(i) A (p) = 50\/5[(:034) sin (3—; - d)) —sing cos(gg- - ¢)]
= 50V/2 sin (3% - 2¢) = ( at stationary values

%Tﬂ -2¢ =0, n, 27, ...

Likelytobe ¢ = 1(3) = ¥.

A" (¢)

-100v2 cos(%ﬂ'r - 2¢)

AZ”(%) = -100v2 cos(sfn - 133) <0

. . . 3n
i.e. the area is maximum when ¢ = —

3

Mathematics: Additional Questions Bank (Advanced Higher)

[

[u—y



Use the Euclidean Algorithm to find integers x, y such that

83x + 239y = 1. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
2 3.5 2 3.5.10 1996 SY2 Q1
2 3.5 2 3.5.11
239 = 2 x 83 + 73 1
83 =1x73+ 10
10 =3x3+1 1
Thus
=10 - 3(73 - 7 x 10) 1
=22x10-3x173
=2283-73)-3x73
= 22 x 83 - 25(239 - 2 x 83)
=72 x 83 — 25 x 239 1
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Use induction to prove that, for all positive integers n,

n
Yo -2-222 6
=12 2
level Content Reference:
part marks Unit C A/B Main Additional Source
6 35 356 1996 SY2 Q3
Checkn = 1: LHS= 4, RHS=2 - 3 = 4, 1
Suppose true forn = k,i.e.
+ 2
E Lr =2- : ¥ 1
r=1 2 2
Then
k+1 k
r r k+1
= - + 1
= ar ng ar 2k +1
k+2 k+1
=2- 21: 2k+l
=2- gk +4-k-1) 1
k+3
=2 - 2It+l 1
k+ 1) +2
=2 - = 7 =
2k+1
So the result is true for n = 1, and is true forn = k& + 1 whenever it is true
forn = k. Soitistrueforalln > 1. 1
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The square n X n matrix A satisfies the equation

A% = 54 — 6]

where I is the n x n identity matrix. Show that A is invertible and express

A7lin the form pA + gl. 2
Obtain a similar expression for A°. 2
level Content Reference:
part marks Unit C A/B Main Additional Source
2 3.2 2 322 1996 SY2 Q4
2 3.2 2 322
A = 54 - 6, s0
6l = A(SI - A) 1
1= A[§I - A)]
So A™! exists and equals £ (5 — A). 1

Thus

[An answer which uses A™! in the early stages can only gain 1 mark.]

A3

A(5A ~ 61)

194 — 307

54> — 6A = 5(5A - 6I) — 6A
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(a) LetA = (g ;b) and B = (C _Cd) where a, b, ¢, d € R.

Find AB and evaluate the determinants det A, det B and det AB.
By using the fact that det AB = det A . det B, deduce the identity

(@® + ) + &5 = (ac - bd)* + (ad + bc). 4

(b) Write each of the prime numbers 17 and 41 as the sum of the squares of
two positive integers.

Hence use the result from (i) to express 697 as p* + ¢* and as 7? + 5

where p, g, r and s are distinct positive integers. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 3.2 4 3.24 1996 SY2 Q7
(b) 4 2.5 4
(a) _{ac — bd —ad - bc
AB"aa’+bcac—ba’ 1
detA = & + bz; detB = ¢ + d& 1
detAB = (ac — bdY’ — (—ad — bc)(ad + bc) 1
= (ac - .!‘Jd)2 + (ad + bc)z 1
Hence
(a2 + bz) (c2 + dz) = (ac — bd) + (ad + bc) 1
(b) 17 =4 +1% 41 =4 +5 1
Thus
697 = 17 x 41
= (42 + 12) + (42 + 52) 1
= (4 x4-1x5 +(@x5+1 x4y
= 11° + 24° 1
and also
697 = (4 + 19)(5* + 4) = 16° + 21° 1
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{a) Let

u=1i-4-kandv = 2i - 2j + k. Findu.wvandu x v.

(b) Three planes =, 7, and 75 are given by the equations

@
(i1

(iii)

gy .
7Ty o

Tty .

x - 4y -

2y + z
3x - 1ly — 2z

4

3
6
10.

Find the acute angle between the planes &) and 7.

By using Gaussian elimination, or otherwise, show that the planes
71, 2 and 7r3 intersect in a point Q, and obtain the coordinates of Q.

Find an equation for the line L in which z; and #; intersect, and the

point R in which L intersects the xy-plane.

(c) Three non-zero vectors a, b, ¢ are such that

axh=c¢

and

b x¢ = a.

Explain briefly why a, b and ¢ must be mutually perpendicular and why
b must be a unit vector.

Content Reference:

part

marks

Unit

Main

Additional

Source

(a)

3.1

3.14

1996 SY2 Q8

(b)(1)

3.1

3.18

(b)(ii)

3.1

3.1.9

1.54

(b)(iii)

3.1

3.1.7

(c)

Wl &l &l

3.1

3.1.1
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(a) v =2+8-1=29
u xv = —6i - 3j+ 6k

(b) (i) The normals to the planes are u and v,
so the required angle is & where

9 = \fl_§\/§ cosd

1
ie.cosf = —,s0 8 = % (or 45°)

V2
(i) 1 -4 -1 3
PR 1 6
3 -11 =2 10
1 4 -1 3
0 6 0
0 1 1 1
1 -4 -1 3
1 4 0
0 0 4 1
The planes do intersect with iz = 1, ie. z = 2, y = -1,

x=-4+2+3
SoQis(l, -1, 2).

(iii) Note that this is just one of many routes to one of many
equations.
L is in the direction ofu x v = =6i — 3j + 6k,
and L passes through (, so an equation is
x-1 y+1 z-2
5 - 3 ¢ &9
L meets the xy-plane wherez = 0,
ie. wheres = —L

Sox =3,y = 0,ie.Ris (3,0,0)
(c) axbhb

¢, S0 a is perpendicular to ¢ and
b is perpendicular to ¢

and

b x ¢

il

a,so ais perpendiculartob

Since all three vectors are mutually perpendicular
axb=c= ab=c wherea = |al,etc.
bxec=a= b =a

Thus (bc)b = ¢ = b* = 1 = b = 1 and the rest follow.
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(a) Prove that /2 is irrational, 4
(b) (1) Show thatif
A and (xl = A(
J
then
x12 - 2)’12 = xoz - 2)’02- 3
level Content Reference:
part marks Unit C Main Additional Source
(a) 4 35 4 354 1996 SY2 Q10
(b)) 3 3.2 3 329
(a) Suppose that V2 = 2 where the integers m, n have no common factor. 1
Then m* = 2n° 1
Thus m is even, so m = 2u for some integer u. 1
Thus 417 = 2n® ie. n* = 2u%, so n is also even, contradicting the
assumption. 1
(b) @ x;1 = 3x + 4ygandy, = 2x9 + 3y 1
sO
xf - Zy% = 9xf) + 24xgy0 + 16)% - 8x5 - 24xqyy — 18y(2J 1
= 1
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Differentiate the following functions with respect to x.

@y = xe~, 2
M f) =tan'(Vx - 1), x> 1 2
-7 T
©f = cosx’ o X7 2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 1.2 2 1.2.4 1.2.5 1997 SY1 Q1
(b) 2 2.1 2 2.1.1
(c) 2 1.2 2 1.24

(a) y — x3e—x2 —y

j_y = 3™ + e (—2x) 1 for product rule
X
1f0r~d— (e_"l) = (—2x)e_”2
dx
= 3™ — 2ute™
(b) fG) =tan~'(vx—1) = tan~! (x — 1)*
1 4
) = ———— - Wa(x — 1 1for —
Fo =y e "Tr@-1
1for%(x - ™
-1
2Vx - 1
2
© f=—
COS X
2 2w
fx) = x cosx — X' (= siny) 1 for goutient rule

cos’x
1 for accuracy

2x cosx + x* sinx

cos?x
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By means of the substitution # = x* — 8, find
4

J.3x3 (Jc2 - 8)} dx. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.3 5 1.34 1997 SY1 Q5
u=x-8= du = 2xdx = dx = Ysdu 1
x=3=>2u=1landx =4 =5 u =28 1
4
[ 3x3(x2 ~8)Pdx = f:(u +8) (1) P1hdu 1
= 1/2‘|'8(u'1"3 + 8u”3)du
1
_ 8
Y ERC +6u“’3] 1
L7 1
=14 &+96]—%[§+6] 1
L 7 7
.3 ] 3
=W54-+90|=72—
L 7 14
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Let A be the matrix ( ;
Show that A> — 74 =

LD

)

cf where c is a real number and [/ is the 2 x 2 identity

matrix. 3
By considering this equation in the form
AA -0 = cl,
obtain the matrix B for which
AB = 1. 2
level Content Reference:
part marks Unit C A/B Main Additional Source
3 3.2 3 322 3.2.1 1997 SY1 Q6
2 3.2 2 322
{41 >[4 1341} (18 7
A‘(23)50A‘(23)(23)"(14 11) 1
2_54_{18 7}_{28 7}_(-10 O
Hence A 7’4_(14 11) (14 21) ( 0 —10) 1
which ¢ forc = -10. 1
AA-T7) = -10/1
1
= B=-—(A-17 1
10( 1)
1 /(-3 1
10( 2 —4) 1
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The rectangle QRST is situated beneath the graph of the function
f(x) = 1 = x*as shown in the diagram below.

-

Ay

Let T be the point (¢, 0). Find the value of ¢ for which the rectangle has the

largest arca and find this largest area. 5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.2 5 1.2.8 1997 SY1 Q7
OT =2tand ST =1 - ¢ 1
Area = A() = 2t(1 - 1) 1
A = 2t =27
A =2-67 =0atSV
1
t = +— 1
V3
A”(t) = -12t < Owhent > 0. 1
: = A(L) = 2(1 = ) = 4
Maximum value = A(Z) = Z(1 h = s 1
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(a) Find partial fractions for

4
2
xr -4
(b) By using (a) obtain
x2
4
J 7 4alx
level Content Reference:
part marks Unit C A/B Main Additional Source
2 1.1 2 1.1.6 1997 SY1 Q9
4 2.2 4 2.2.1 1.1.6
(a) 4 _ A . B 1
*-4 x-2 x+2
4 =A(x+2)+B(kx-2)
=2 =344 =4=A=1
x==-2=-4B =4 = B = -1 1forAand B

4 1 1

"X -4 x-2 x+2

(®) J‘ xzxj 2 dx = fl + 1 for division
J-l + P ;—;—zdx 1 for applying (a)

=x+In(x-2)-In(x+2)+c 2, less 1 for

each error
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For f(x) = L® + 222 + x, x € R, find all the values of x for which |f"(x)| < 1. 6
[A solution to this question which relies on a graphical or numerical
approach will receive little or no credit.]
level Content Reference:
part marks Unit C A/B Main Additional Source
6 1.2 6 1.2.8 1997 SY1 Q10
f) =32 +32 +x 1
Ffo)=x+3x+1
Ffx)=1orf(x) = -1 1
F=1=x+3x=0
= x =0orx = -3 1
FH=-1=>2+3x+2=0
= x = -lorx = -2 1
Lol <) <1
for =3 < x < =2 1
and -1 < x < 0. 1
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(a) Find the modulus and argument of the complex number 2 + 2v/3i and

plot it on an Argand diagram. 3
(b) By writingz = r (cos # + i sin 9), obtain a value for r and values for 8
such that
2 = 2 + /3.
Plot the complex numbers z on the same Argand diagram as in part (a). 6
level Content Reference:

part marks Unit C A/B Main Additional Source
(a) 3 2.3 3 2.3.7 234 1997 SY1 Q13
(b) 6 2.3 6 2.3.11 2.3.13

(@) z=2+2V3i=|z|=Va+12=4
and argz = tan™ (3f) = 60° (or .
A

)(Z=2+2'\/3i

—

(b) z= r(cos(-) +isin®)
==/ (00520 — sin®# + 2i sin @ cos 9)

= r*(cos26 + i sin26)

.-.r2=4=>and29=§

=r
=

0

S

xz=24+23{
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An accident at a factory on a river results in the release of a polluting
chemical. Immediately after the accident, the concentration of the chemical
in the river becomes k g/m> The river flows at a constant rate of w m? /hour
into a loch of volume V' m®. Water flows over the dam at the other end of the
loch at the same rate. The level, x g/m? of the pollutant in the Ioch ¢ hours
after the accident satisfies the differential equation

dx
V= = - x.
” w(k — x)

(a) Find the general solution for x in term of ¢.

(b) In this particular case, the values of the constants are V = 16000000,
w = 8000 and &k = 1000.

(i) Before the accident, the level of chemical in the loch was zero. Fish
in the loch will be poisoned if the level of pollutant in the loch
reaches 10 g/m®. How long do the authorities have to stop the leak
before this level is reached?

(i) In fact, when the level of the pollutant in the loch has reached
5 g/m?, the leak is located and plugged. The level in the river then
drops to zero and the level in the loch falls according to the
differential equation

V% = —wx.

According to European Union standards, 1 g/m’ is a safe level for
the chemical. How much longer will it be before the level in the
loch drops to this value?

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 22 4 225 1997 SY1 Q14
(b)(i) 3 2.2 3 225
(b)(i1) 5 2.2 5 225
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@) v C k-9

dt
dx J‘w
= | =dt 1
k—x V
wt .
-In(k —x) = v +c 2 (1 for each side)
k—-x= exp(—ﬂ - c)

If

x=k- exp(—wvt - ) k — Ae™" 1 for making x subject

(b) V = 16000000,w = 8000,k = 1000
(i) whent = 0, x = 0.
0 = 1000 - A = A = 1000 1 for a constant
ie.x = 1000(1 - &™)
whenx = 10 10 = 1000(1 — ¢™*®) 1 for putting in 10
e = 1 - 001

t = =2000 In0.99

i

= 20.1 hours 1 for evaluating
(ii) vE o _
" wx
dx = —J‘Kdt 1 for separating
X vV
nx = -2+ ¢
14
x = Be™ 1 for general case
whent = 0,x = 5= B =135 1
ie.x = Se™*%%
sowhenx = 1, ¢ = (2 1
t = -20001n0.2
= 3220 hours! 1
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Make use of the fact that

50 (5

k=1

n
to write down a formula for 2 k> in terms of n.

2
k=1
Use this formula to obtain an expression for 2 (2k° + k* — k) in terms of .
k=1
Express your answer in fully factorised form. 6
Hence evaluate
R+1-D+006+4-2)+ ...+(2000 + 100 ~ 10). 2
level Content Reference:
part marks Unit C A/B Main Additional Source
2 2.5 2 258 1997 8Y1 Q
6 3.5 6 3.5.8 3.5.6
2 3.5 2 3.5.8
n n 2
se-(34
k=1 =
= (Yon(n + 1))’ 1
= Vi’ (n + 1) 1
2(2k3+k2—k)=22k3+2k2—2k 1
=1
=2 2 K+ 2 K - 2 k 1

R+1-D+{6+4-2)+ ...

%n (n + 1)2 + gn(n + 1)(2n + 1) -4dnn+1) 1for Zk
ntn + D3 +3n + 2n + 1 - 3]
ly(n + H3n® + 51 - 2)
Intn + D(n +2)(3n - 1)

3 marks for the manipulation, 1 off for each error (down to 0)

10

+ (2000 + 100 - 10)

Y (2 + & - k)

k=1

1% 10 x 11 x 12 x 29 = 6380
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A V() (cm/s)

"t (seconds)

-2

The graph above represents the velocity v of the cutting head of a computer

controlled milling machine. Positive values of v represent movement to the
right.

(a) What is represented, in terms of the movement of the cutting head, by the

gradient d_‘: of this graph at a time ¢? 1
(b) What is represented by the integral fg v () dt for some time T? 2
The areas marked on the graph have values:
A; = 6, A2 = 13, A3 = 1.
(c) What is the maximum displacement of the cutting head from its starting
position and what is the smallest value of ¢ for which this maximum is
attained? 2
(d) What is the maximum acceleration of the cutting head? When this is
attained, is the head moving to the right or to the left? 2
{e) What is the total distance moved by the cutting head for0 < ¢ < 107 2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) i 14 1 1.4.1 1997 SY1 Q16
(b} 2 1.4 2
(c) 2 1.4 2 14.1
(d) 2 1.4 2
(e) 2 14 2
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(a)
(b)

(c)

(d)

(e)

The gradient represents the acceleration of the cutting head. 1
The integral If,' v () dt represents the distance the head is 1
from its starting point. 1
A = -6;A +4 =13 -6 =T, 1 for the idea of adding up
Total shaded areais 13 — 6 — 1 = 6.

The maximum displacement is 7 cm and occurs at time ¢ = 8. 1
The maximum acceleration is when the graph is steepest which is

betweent = dand¢t = 5.

The speed increases by 5 cm/s during this time
so the acceleration is 5 em/s2,

At this time the head is moving to the right,

The total distance is the sum of the magnitudes of A;, A3, A3
i.e, 20 cm,

T
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A sequence {a,} is defined by a; = 4,a, = 3a,-, — 5 (n > 2). Prove by
induction that

%=%@+9

for all positive integers 7. S
level Content Reference:
part marks Unit C A/B Main Additional Source
5 3.5 5 3.56 1997 SY2 Q1
True forn = 1sinced(3 + 5) = 4(= ay). 1
Suppose
1
m=§W+ﬂ 1
then
ak+1=3x%(3k+5)—5 1
=%x3k+l+1§5__5_%x3k+l+§_
i k+1
= — + 5 1
S )

So the resultis true for n = 1, and is true forn = k + 1 whenever it is true
forn = k. Soitistrueforalln > 1. 1
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Use the Euclidean Algorithm to find integers x, y such that

29x + 113y = 1. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
2 3.5 2 3.5.10 1997 SY2 Q2
2 3.5 2 3.5.11
113 = 3 x 29 + 26 1
20 =1 x26+3
26 = 8§ x3+2
3=1x2+1 1
So
1l =3-1x(26-8x3)=9%x3-1x26 1
=9(29 - 26) — 26 = 9 x 29 — 10 x 26
=09 x29 - 10(113 - 3 x 29)
= 390 x29 - 10 x 113 1
Sox = 39,y = -10 satisfy request.
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The lines L, and L, have equations

x-2 y+5 z-15
L, : = = ;
S 3 -1
x+6 y+2 z+ 4
b= =7 ==
Determine whether or not L; and L, intersect.
level Content Reference:
part marks Unit C A/B Main Additional Source
6 3.1 6 3.19 1997 SY2 Q3
L tx=2s+2,y=3-5,z=-s+5
L, cx=4-6,y=t—-2,z =2t -4
Equating the x and the y coordinates gives
2s +2 = 4 - 6, 3s-5=¢t-2
Solving these
s =2t = -4 3s — 6 = ~12
=1
Is-t=3 3s -t =3 = =D

=t =35=2

Substituting back givesz = 3forL,andz = 2for L,
so the lines do not intersect.
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cosa Sina

Itis giventhatT, = | .
sina —cosa

), where a € R.

(i) Evaluate detT,.
(ii) Show that T, Tp is a rotation matrix.

(iii) Express T,T3T, as T, for some y. 6
level Content Reference:
part marks Unit C A/B Main Additional Source
(i) 1 3.2 1 324 1997 SY2 Q5
(ii) 3 3.2 3 329
(iii) 3.2 3.2,
)] detT, = —cos'a — sin"a 1
(ii) cosa sina ) ( cosf sinp )
TaTﬁ = . .
sinag — cosa [l sinf — cosf
cosa cosfB + sina sinf8 cosa sinf — sina cos S
=1 . . . . 1
sina cosf§ — cosa sinB sina sinf8 + cosa cosfB
B cos(a — fB) —sin(a — ) 1
~ \sin(a - B) cos(a - B)
=R, _s 1
(iii) T.IST, = c:f)s (a — B —sin(a - B) c?sa sina 1
sin(a — ) cos(a - B) sina — cosa
_ [ cos(2a - B sin(Ra - f) 1
“\sin(2a - f) - cos(2a - B

= Ta-p
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@ pem = (“ blana N = (C 4\ wherea, b, candd & R.
ba dc
Find MN and, by considering determinants, derive the identity
- ) - &) = (ac + bd)’ - (ad + be). 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 3.2 3 327 1997 SY2 Q9
(a) (ab ac + bd ad + bc
M —4 —
N ba bc + ad bd + ac 1
Since det M detN = detMN 1
we have
(® - ) (P - 4% = (ac + bd)* - (ad + bc) 1
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The points A(1, 1, 0), B(-1, 1, 0), C(-1, -1, 0), and D(1,-1, 0) are the corners
of the square base of a pyramid whose four sloping faces are equilateral
triangles. The apex, T, of the pyramid is the point (0, 0, £), where t > 0.

2

(a) Show thatt = V2.
(b) Obtain an equation of the plane containing the triangle ADT,

(c) The angle between two faces is defined to be the acute angle between
their normals.

Find:
(i) the angle between two adjacent triangular faces;
(ii) the angle between a triangular face and the base of the pyramid.

(d) The line L through the origin perpendicular to the face ADT meets ADT at
G. Find an equation for L and hence, or otherwise, obtain the coordinates
of G.

level Content Reference:
part marks Unit C Main Additional Source
(a) 2 2 1997 SY2 Q10
(b) 4 3.1 4 3.1.7
(c)(1) 2 3.1 3.1.8
(c)(ii) 3 3.1 3.18
(d) 4 3.1 3.1.9
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(a) |AD]| = 2, ATl = V1 + 1 + 2

sorequire4 = 2 + %,i.e.t* = 2andsot = V2.
(b) A normal to the plane is

—> —
DA x DT
i j k
=10 2 0]f=2v2i+2k
-1 1 2

So an equation of the plane is

V2x +z =k (for some k)
Since (0, 0, V2) lies on plane, k = V2, so equation is

V2x+z =12
(c) (i) A normal to the plane ABT is
i J k
-—> —>
ABx AT =| -2 0 0 |=2V2j+2k
-1 -1 V2

so the angle, #, between the planes is given from

V3 x V3cosf = (2V2i + 2k).(2v2j + 2k) = 1
= 6 = cos" (-1-)
3
(ii) Consider the angle between ADT and base. Normals are
2v21i + 2k (or V2i + k) and k, so the angle ¢ satisfies
V3 x lcosgp = (V2i+k)k = 1

= ¢ = cos'l(-—\%)
(d) Equationof L is
x-0 y-0 _ z—O(_ 9
V2 0 1
so a general point on L is
x=V2s, y=0, z = s
This lies on the face ADT, which has equation V2 x + z = 2, if

25+ 5 =2

ie.s = ? so G is the point (%, 0, 1/5_2—)
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Differentiate

x) = sin x R<x<®
8 = T+ cosx’ ’
and simplify your answer, 3)
level Content Reference:
part marks Unit C A/B Main Additional Source
3 1.2 3 1.24 1998 SY1 Q1
sinx
8(x) = 1+cosx
709 cosx(l + cosx) —sinx(—-sinx) 1 method (quotient)
x -
(1 + cosx)? 1 for accuracy
cosx + 1 . g
= H:CTX)Z 1 for simplifying
3 1
1+ cosx
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Use the substitutionz = ¢t + 1 to find

8t +2
— dt. 5
Jo7e+D )
level Content Reference;
part marks Unit C A/B Main Additional Source
5 13 5 1-3-4 1998 SY 1 Q3
u=¢t+1so0 t=8=u=9 1
t=0=3u=1
du = dt
8 t+ 2 ‘u+1
—dt = 1
Jarn® =l
9
= L {* + u™}du 1
= [2,} %]9
= 3“ + 2” 1 1
= [%4 x 27 + 2 x 3] — [2%] 1
= 214,
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Use calculus to find all the values of x for which the function

fo) = +0*", xeR,
is increasing. (3
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.2 5 1.2.8 1998 SY 1 Q6

f @

fO = +ne"

=2(1 + De* - (1 + *e™

> 0 for f (x) to be increasing.
Q+0n2-00+n]er >0
1+ -xe" >0

<1

= -1l<x<1

1 method (product)

1 for accuracy

1

1 for factorising
1

(-1 < x < lisacceptable)
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Verify that z = 1 + { is a solution of the equation

2+ 162 - 34z + 36 = 0. (3)
Write down a second solution of the equation. (1)
Hence find constants a and 8 such that
2 +1627% =34z + 36 = (2 — az + )z + B). (3)
level Content Reference:
part marks Unit C A/B Main Additional Source
7 2.3 4 3 239 1998 SY1 Q7

(140 +16(1 +i)" =34(1 +i) +36

(1 — i)is also a root,

Factor is

[z-Q+d][z-0a -]

ie.a = 2,8 = 18,

=0+0i

= (=2 +2i) + 16(2i) - 34 - 34i + 36

1 for (1 + i)
1 for (1 +i)°

1 for rest
1

[z -1 -i][(z - 1)+ {] 1for method

z-12+1=2-2z+2, 1
S0z + 1622 =34z +36 = (22 - 22+ 2)(z + 18)

1 for values

(trial and error is not valid)
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Show that

! 1 t
i = — si - — . 4
Io x sin (7x) dx 2 sin (7zt) - cos (1) 4
Use this result to find the exact value of I;& x sin ('er) dx. (1)
level Content Reference:
part marks Unit C A/B Main Additional Source
4 2.2 5 2.2.2 1998 SY1 Q8

ff)x sin (7x) dx

i

:x .[ sin (7tx) dx:L - [I I sin x dx.dx:L

l - [—% I cos (7rx) dx];

t

[_* cos (er)}
4

-

0

—i cos (m:)]; - [—ﬁ sin (;rrx):lo

t |
—— COS it + -—2 sin st
JT ey 4

2
12 1

Io x sin (7mx) dx = 7
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1
2x - 1D2x + 1)

Express in partial fractions. (2)

Deduce that
Y, ! -1 (1 - ) (2)
ok - 1)(2k + 1) 2 2n + 1
Evaluate
d 1
> : (D
SCk-1DEE+ 1)
level Content Reference:
part marks Unit C A/B Main Additional Source
5 24 2 3 2.4.77 1.1.6 1998 SY1 Q9
L = A + B 1 method
Cx~-D2x+1) 2x—-1 2x+1
1=AQx+1D)+B2x-1)
> A=4 B=-% 1
1
Thus L L

2x - D(2x+1) 2@x-1 2Q2x+ 1)
n 1
Z; (Zk — 1)(2k + 1)

: 1 ! ! 11 .
=|:2(2n—1)—2(2n+1)]+|:2(2n_3)—2(2n_1)]+ +|:§—g:| 1 for listing
1 1

T2 22n+ D)

*1[1 1]
"2 2n+1

-—)lasn——> 1
> ;

1 for cancelling
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A car is travelling along a straight road at a constant velocity of 19 ms™.
Spotting that the road is blocked some distance ahead by a fallen tree, the
driver brakes immediately and brings the car to a complete stop T seconds
later. The car's acceleration ¢ seconds after the brakes are applied is
a(t) ms?, where

a(t) = -3a + 1, 0<t<T.

(a) ShowthatT = 3. (4)
(b) Calculate the distance travelled by the car during the 5 seconds that it
takes to come to a stop. 3
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 1.2 4 1.2.8 1998 SY1 Q10
(b) 3 1.2 3 1.2.8
(@ a(t) = —3V4 + tso
3 }
1 = Hdt = |—=(4 + n*dt 1
v = [adr =[S + 1)
= -4+ t)’:f +c 1
Since v(0) = 19,¢ = 27 1
and hence
v(t) = 27 - (4 + ph.
Stops when v(f) = Oie. (4+T)=27=44T=9=T =5, 1
2
(b) s@ = [viydr = 27 - T4 + 9t + ¢ 1
s(0)=0= ¢ = é-;}- 1
s(5) = 135 - 3(9)F + &
= 135 - 422 = 50.6. 1
5
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In a town with population 40 000, a 'flu virus spread rapidly last winter. The
percentage P of the population infected ¢ days after the initial outbreak
satisfies the differential equation

Z_I: = kP, where k is a constant.

(a) If 100 people are infected initially, find, in terms of %, the percentage

infected ¢ days later. (4)
(b) Given that 500 people have 'flu after 7 days, how many more are likely to
have contracted the virus after 10 days? 3)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 2.2 4 225 1998 SY1 Q12
(b) 3 2.2 3 225 1998 SY1 Q12
P
@) P [kar 1
P
InP =kt + ¢ 1
t =0, P =025 = ¢ =1025 1
In(P + 025 = kt
4P = ' = P = 1 1 for a formula
by t=7,P =125

et =5= ¢ = 55 1 for k (alternatives possible)

P =14(s" = 249...

2.49% of 40000 = 996.6...
This would be an increase of about 497.
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Let the function f be given by

260 -T2 +4dx + 5

= , # 2,
fx o = 27 x
(a) The graph of y = f(x) crosses the y-axis at (0, a). State the value of a. 1
(b) For the graph of f (x)
(i) write down the equation of the vertical asymptote, )]
(ii) show algebraically that there is a non-vertical asymptote and state
its equation. (3)
(c¢) Find the coordinates and nature of the stationary point of f (x). 4)
(d) Show thatf(x) = Ohasarootintheinterval -2 < x < 0, (1)
(e) Sketch the graph of y = f(x). (You must include on your sketch the
results obtained in the first four parts of this question.) 2)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 1 14 1 149 1998 SY1 Q13
(b) 4 14 4 149
(c) 4 1.4 4 149
(d) 1 1.4 1 149
(e) 2 1.4 2 1.4.9
Mathematics: Additional Questions Bank (Advanced Higher) 47




(a)
(b)

(c)

(d)

©

23 -T2 +4x + 5

R
x=0=>y=3a=3 1
i x=2 1
(i) After division, the function can be expressed in quotient/remainder
form:—
F)=2x+1+ 1 for method
(x—2) 1 for accuracy
Thus the line y = 2x + 1 is a slant asymptote. 1
From (b), f () = 2 - e 1 for any correct derivative
Turning point when
2
2 - (—x——-—2)3 = 0
x-2°=1
x-2=1=2x=3 1
) = E;——6T)4 > ( for all x. 1
The stationary value at (3, 8) is 2 minimum turning point. 1 for y value
F(=2) = =l6=Zssxs < q;
f@© =3 >0, 1 for showing change of sign

Hence a root between -2 and 0.

1 for general shape
1 for showing asymptotes
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The matrices A and B are defined by

I -1 3 M1 a -6
A=12 -1 9 and B=(34 b 3
4 -8 1 -12 ¢ 1

where g, b and ¢ are constants,

(a) Find the matrix B — 3A. (2)
(b) (i) Verify that AB = I, where 7 is the 3 x 3 identity matrix, provided
that
a-b+3 =0
2a - b+9 =1
4a -8 +c = 0. (3)
(ii) Use Gaussian elimination to find the values of a, b and ¢ for which
AB = I 4)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 1.5 2 1.5.1 1998 SY1 Q14
¢)) 7 1.5 7 1.54
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1 -13 71 a -6
A=|2 -1 9|andB=| 34 b -3
4 -8 1 -12 ¢ 1
(a) 71 a -6 3 -3 9
B —-34A = 4 p-3|-16 -3 27 1 for matrix 34
-12 ¢ 1 i2 =24 3
68 a+3 -15
=] 28 b+3 30 1
24 ¢ + 24 -2
(b @ 1 -13 71 a -6
2 -19}.| 3 b -3 1
4 -8 1 -12 ¢ 1
1l a-b+3 0 100
=|l02a-b+9% 0| =010 1
0da-8 +c 1 001
Provided
a-b+3¢c =10
2a -b+ 9 =1 1
4da - 8b +¢c = 0
(ii) 1 -13]|0
2 -1 91 1 for method
4 -8 110
1 -1 310
01 3|1 ry = ry — 2r, 1
0 -4 -11|0 ry=ry—4r,
1 -1 3|0
01 3|1 1
0 0 1|4 ry =ry+4r
=4
b = -11
a=-23 1
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(a)

(b)

(©)

Find the derivative of the function g{(x) = V1 — x? and hence, or
otherwise, obtain the indefinite integral

x
——dx. 3
[y &
Use integration by parts to show that
[rodx = xf oo~ [xf 0 ax
where f is a differentiable function with derivative f”. 2)

The diagram below represents the graph of y = sin"'x. Use the
previous results to calculate the area of the shaded region which lies
betweenx = Qandx = ¥ (4)
1.5

0.5

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 1.2 3 1.24 134 1998 SY1 Q15
(b) 2 22 2 222 1998 SY1 Q15
(©) 4 1.3 4 1.3.6 1998 SY1 Q15
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(a) gv) = (1 - A

') 1 (=29 (1 24 —x 1 for using chain rule
W) = = (-20(1 = x)" = ——
8 2 Vi - x? 1 for accuracy
x
S| ——dx = -Vl - +¢ 1 for integral
J N &
{c not essential)
(b) [1.r®dr = f) [1dx - [f(Wxdx  1forintroducing ‘I

x f(x)y - J.x F(x) dx 1 for accuracy
(©

J-’? il v d [ . ]%% “-’? X 4 1 for using result from (b)

1 for derivative of sin1x

= [—3 E] + [V - x2|f 1 for using part (a)

-1 1 for replacing limits
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(a)

A toy manufacturer is planning to launch a new product on the market.
The Sales Manager believes that the recurrence relation

Uy = Uy + 50000 n =23 4, ..

provides a reasonable estimate, £u,, of the profit that will be made from
sales of this product during the nth month after it is launched.

n
Given that u; = 20000, obtain simple expressions for u, and 2 U in
k=1
terms of n.

Calculate the estimated profit that will be made from sales during the

first year following the launch of the product. 4
(b) The Managing Director objects to the Sales Manager's formula and she
insists that the recurrence relation
Vo = 09,y + 5000 n =2, 3, 4, ...
should be used to produce a more cautious forecast of the monthly
profits. Express v,, v3 and v, in terms of v,. )
By recognising a connection with a geometric series, deduce that if
v, = 20000 then
v, = 50000 — 30000 (0.9)"" n=123 ...
Show thatv, < u; forall n. 4)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 24 4 24.2 1998 SY1 Ql6
(b) 6 24 2 4 243 1998 SY1 Q16
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(a) u; = 20000; u, = 25000; u; = 30000
u, = 20000 + 5000(n - 1)

= 5000(n + 3) 1foru,
Y 1y = {40000 + 5000 (n - 1)] 1 for method
k=1
=2500n(n +7) 1 for result
When n = 12, this formula would give an estimate of the total profits
of £570000. 1
(b) v, = 09v,_; + 5000
v, = 5000 + 0.9v,
v3 = 5000(1 + 0.9) + 0.9%, 1 for v, and v3
ve = 5000(1 + 0.9 + 0.9%) + 0.9, 1 for vy

v, =5000(1 +0.9 +...+0.9" % +0.9" 'y, 1 for expression
1-0.9"1

= 5000 ——oo—+ 0.9" 'y, 1 for sum of GP
= 50000(1 - 0.9""") +20000. 0.9"""
= 50000 — 30000 .0.9"" 1 for rearranging
As n gets bigger, v, increases and approaches a limit of 50000 from
below.
From part (a), u; = 5000(7 + 3) = 50 000.
Thus v, < wu, forall n. 1 for showing
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Let

A=(_112).

Use induction to prove that, for all positive integers n,

A S B
A "(1-2n2n)'

Determine whether or not this formula for A" is also valid whenn = -1, (6)
level Content Reference:
part marks Unit C A/B Main Additional Source
6 3.5 6 3.5.6 3.2.2 1998 SY2 QI
True forn = l,since( 1 0) = ( 1 0). 1

1-22 -12

Suppose true forn = k 2 1. Then

A = ( ! 0 ) 1 for the inductive hypothesis

1 — 2k 2%
Then

AT = 44k = ( 1 0)( 1 0) 1 for this statement

-1 2f\1 - 224

I

1 0
-1 + 2 _ 2k+l 2k+l

1 0
= 1 _2k+l 2k+l

So the result is true forn = 1,and istrue forn = k£ + 1 whenever it is true

forn = k. Soitistrueforalln > 1.

A—l

]

s0 the formula does hold forn = —1.
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Let A, B, C be the points (2, 1,0), (3, 3, -1), (§, 0, 2) respectively.

Find AB x AC.

Hence or otherwise obtain an equation for the plane containing A, B and C. (3)

level Content Reference:
part marks Unit C Main Additional Source
5 3.1 5 3.1.7 3.14 SY 2 1998 Q2
o Pk
AB x AC =11 2 1 1
3 -1 2
=3i - 5] -7k 2
Equation of the plane is of the form
Ix -5 -7z = k. 1

But A (2, 1, 0) lies in the plane, so
6-5-0=k
Equation of planeis3x — 5y - 7z = 1.

Mathematics: Additional Questions Bank (Advanced Higher)

1 for value of &

56




Show that

2 2k 1
det!1 k-1 1
2 1 k+1
has the same value for all values of k. 3)
level Content Reference:
part marks Unit C A/B Main Additional Source
3 3.2 3 324 SY2 1998 Q4
2 2k 1
det|] 1 k-1 1
2 1 k+1
1 for strategy

-1

=2(KP-1-1)-2k(k+1-2)+ 1(1 -2k +2)
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111 1-1-1 )
letA=|111]landB=|-1 1-1]|
111 -1 -1 1
(i) Determine whether or not AB = BA. (1)
(i) Verify that A> + 3B® = 12/, where  is the 3 x 3 identity matrix. (D
(ili) Find AB, AB* and AB® as multiples of A, and make a conjecture about a
general result for AB”,
Use induction to prove your conjecture. (6)
(iv) Itis given that B is invertible, with inverse of the form
xXyz
B'=lzxyl.
yzXx
Write down a system of linear equations which x, y and z must satisfy,
and hence find the values of x, yand z . 4)
(v) Verify that B> — B is a multiple of /, and hence find B! in the form
cB + dI where ¢, d are real numbers. Hence check your answer to (iv). (3)
level Content Reference:
part marks Unit C A/B Main Additional Source
(i) 1 32 1 3.22 SY2 1998 Q7
(1i) 1 3.2 1 3.2.2
(1i1) 6 3.5 2 4 356 322
(iv) 4 L.5 4 1.54
(v) 3 3.2 3 322
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(a) -1 -1 -1
AB=|-1-1~1|=84
-1 -1 -1
(b) 333 3 -1 -1
A+3B =(333]+3]-1 3 -1 =12
333 -1 -1 3
(©) AB = -A AR = A AB’ = -A

SO conjecture 1s
AR = (-1)'A
Conjecture is true forn = 1 since
AB' = AB = -A = (-1)'A
Suppose true for n = k: AB* = (-1)**'A
Then

AB'*! = AB*B = (-1)'AB
= (-D'.(-DA = (-1’4
so result is true forn = k& + 1. (Soresult follows by induction.)
(d) Require
x—-y—-z=1
~-x+y-2z=20
~x=-y+z=20
1 -1 -1f1 1 -1 ~1}1
-1 1 -1|0} = |0 0 -2]1
-1 -1 1|0 0 -2 011
which leadstoy = z = —fandx = 0.
3 -1 -1 1 -1 -1
-1 3 ~-1|-|-11 -1|=2
-1 -1 3 -1 -1 1
SoBB -1 = 2
thus B' = §(B - D

0 -1 -1
1
—5(—1 0 —1)

(e)
B -B-=

-1 -1 0
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(i1)

Use the Euclidean Algorithm to find integers x, y such that

195x + 239y = 1.
Hence write down positive integers a, b such that

195 239) _ 1

det( 2 b

Let u, v, w be positive integers. For each of the following, decide
whether the statement is true or false. Where false, give a counter-
example; where true, give a proof,

(a) If u and v both divide w then 1 + v divides w,

(b) If u divides both v and w then u divides v + w.

(c) If u divides v and v divides w then u divides v + w.
Write down the converse of statement (b), and determine whether or not
this converse is true.

(6)

Q)
(2)

level Content Reference:

part

marks Unit C A/B Main Additional Source

(1)

B

3.5.11 3.5.10 SY 2 1998 Q9

(ii)

2
7 2.5 7 2.5.5 3.5.3
2 35.1
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(a)

(b)

239 = 1 x 195 + 44
195 = 4 x 44 + 19
4 =2 x19+6
19 =3x6+1
Thus
1 =19-3(44-2x19
= T7(195 -4 x 44) -3 x 44
= 7 x 195 — 31(239 - 195)
= 38 x 195 - 31 x 239
sotakex = 38,y = -31.

Thusa = 38,6 = 31.

(1) is false
eg.u =3,v=4w=12

(i1) is true.

Suppose u | v and u | w. Then v = ku, w = [u for some integers

k,l. So
v+w=(k+Du
ie.ul (v +w.

(iii) is true.

Ifu| vandv | w. Thenv = ku,w = Iv for some integers k, /.

So
v+w=(k+khu.

Converse of (b) is
If u4 divides v + w then u divides both v and w.,
False: eg.u = 2,v = w = 3.
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Use Gaussian elimination to solve the system of linear equations

x+y+z=0
2Zx—y+z=-11
x+3y+ 2z =009 (5)
level Content Reference:
part marks Unit C A/B Main Additional Source
5 1.5 5 1.54 1.5.5 1999 SY1 Qi

x+y+z=20
2x -y +z = -1.1
x+3y+2z: =09

x+y+z=20 1 method for for Gaussian elimination
—3y -z = -1.1 (rz’ =ry, — 2?"1)
2y +z2 =09 (ri =r; —r) 1 for this set

x+y+z=0

-3y -z = -1.1
z =05 (" = 3r; + 2ry) 1 for this equation
Hencez = 0.5; 1forz
y=(11-05%/3 =02
x=-02-05 = -0.7 1 for x and y
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Let uy, us, ... , Uy, ... be an arithmetic sequence and vy, v3, ... , Vp, ... be a
geometric sequence. The first terms u; and v, are both equal to 45, and the
third terms u3 and v, are both equal to 5.

(a) Find uy;. 3)
(b) Given that v;, s, ... is a sequence of positive numbers, calculate z Ve 3)
n=1
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 2.4 3 24.2 1999 SY1 Q2
(b) 3 2.4 3 (6) 243
(a) us; = 2d + u; = 5 1 method mark for using formula
2d = 5 - 45
d = =20 1ford
Uy = 45 + 10 (—20)
= —155 1 for up
(b) 45" = 5 1 method mark for strategy
r = % 1 for value of r
45 er e
S = T 1 for correct substitution
!
= 67}
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Differentiate the following functions with respect to x, simplifying your
answers where possible.

(@ hx) = sin(x®) cos(3x). (3)
_In{x + 3) B
(b) e X > =3, (3)

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 1.2 3 1.2.4 1999 §Y1 Q3
(b) 3 1.2 3 1.24 1.2.5
(a) h(x) = sin(x*) cos(3x) 1 method mark (product rule)
PN — 2 Ca i (W) o 1 for first term
h'(x) = 2x cos (x) cos(3x) — 3 sin (x) sin (3x) 1 for second term
(b) _nx+3
T o(x +3)
dy g +3) - In(x +3).1 1method (quotient)
dx (x + 3 1 for accuracy
1-1
= > n+(x3; 3 1 for simplifying
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Use the substitution x = 4 sin¢ to evaluate the definite integral
x+1

j T (5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 2.2 5 2.2.1 1999 SY1 Q5
x=4sintﬁx=02t=g 1 for limits
x=2=1t= be
dx
— =4 f 1
5 cos
2 x+1 w6 4sint + 1
———=dx = 4 cost dt
Jy Vi -2 J J16 — 16 sn2r

w64 sint + 1
= J' i —— 4 costdt 1 for denominator

4 COoSt

/6
J'O (4 sint + 1) dt

= [4 cost + 113° 1
=23 +4+ g 1
= 1059
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(a) Verify that z = 2 is a solution of the equation z* — 82% + 22z — 20 = 0. (1)
(b) Express z* — 8z% + 22z — 20 as a product of a linear factor and a
quadratic factor with real coefficients. Hence find all the solutions of
722 — 822 + 222 - 20 = 0. 4)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 1 2.3 1 239 1999 SY1 Q7
(b) 4 23 4 2.3.10
(a) F) =2-8x22+22x2-2
= 8- 32 + 44 - 20 = 0. 1 for verifying with evidence
2 is aroot
(b) Z2 _—6z +10 1 for divisor z — 2
z—2|22 —-8z22 422z -20
z =22 1 for getting 72 — 6z + 10
-6z +22:
-6z +12z
10z -20
10z =20

-8 +22:-20=(z-2)(z* - 62+ 10)

P 6:410=0m 7= 22V30-4 “326_40 1
=34] 1
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Use integration by parts to obtain

3
J’O xWx + 1dx. (6)
level Content Reference:
part marks Unit C A/B Main Additional Source
6 2.2 6 222 1999 SY1 Q9

? ? 1 method (parts
[ xte+ e = [« Jor+ 1)¥dx]0 - f 13(x+ 1)¥dx method (parts)
’ 0 1 for attempting [ (x + l)idx

< [x2e+ 0o- 33l + 0o 1 for [(x + 1) dx

1 for f(x + 1)%dx
=(2X4%—0)—%(4§~1) 1
= 16—8—% y
- 71_;
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1 -1 0
letA =1-1 0 -1 ) Write down the matrix A — A/, where A € Rand
-1 1 0
isthe 3 x 3 identity matrix.
Find the values of A for which the determinant of A — Al is zero. (5
level Content Reference:
part marks Unit C A/B Main Additional Source
5 3.2 5 324 1999 SY1 Q11
1 -1 0 A00O
A-A=|-10 -1}]-1040
-1 1 0 0024
1-4-1 0
=] -1 -1 -1 1
-1 1 -4
-1 -1 -1 -1
det(A-AD =(1 -4 - (-1 1 for method
1 -4 -1 -4
=(1-ADE+D+@-1 1 for accuracy
=Q-HA+1-1 =1 - A
(1 - ﬂ.))lz =0 1 for equation
forA = Oand 1. 1 for answers
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The diagram below shows part of the graph of the function f, where

6
f(x)_4x3—12x2+9x+3'

(b, 2)

(@ §)

(a) The graph of f has a minimum turning point at (g, $) and a maximum

turning point at (b, 2). Use calculus to obtain the values of g and b. @
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 14 4 149 1999 S§Y1 Q13
6
fO) = e e 3
(@) -6 (122 - 24 1 method
fr = 0020 = 2x v )~ gasv. metho
(42 — 122 + 9x + 3) 1 accuracy
34 - 8x +3) =0 1 for equation
(2x-1DH2x~-3) =0
ie.a=4%b=3% 1 for values
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Letz = cos@ + isiné.
(a) Use the binomial theorem to show that the real part of ztis

cos'® — 6 cos’ @ sin’0 + sin*a.

Obtain a similar expression for the imaginary part of z* in terms of 6. (5)
(b) Use de Moivre's theorem to write down an expression for z%in terms of

40, (1)
(c) Use your answers to (a) and (b) to express cos48 in terms of cos# and

sin 8. (D

(d) Hence show that cos4f «can be  written 1in the form
k(cos™® — cos®®) + p where k, m, n, p are integers. State the values

of k, m, n, p. 4
level Content Reference;
part marks Unit C A/B Main Additional Source
(a) 5 2.3 5 23.6 1.14 1999 SY1 Q14
(b) 1 2.3 1 2.3.13
(©) i 23 1 233
(d) 4 23 4 2.3.14

(@) z' = (cos@ + isin@)’
=cos'f +4cos’d (isinf) + 6 coszﬂ(i sin 9)2 + 4 cosf(isin 0’ + (i sin6)*
1 method (binomial)
1 accuracy
4 . 3, 24 02 . . 3 . 4
= cos 0 + 4icos’ @ sinf — 6cos #sin“f — 4i cos@ sin” # + sin #
1 for powers of i

1 for separating into real and imaginary
Hence the real partis cos*@ — 6 cos®8 sin®# + sin*4.

The imaginary partis (4 cos®#sin® - 4cosé sin®@) 1
= 4 cos @ sin @ (cos?6 — sin?#).
(b) (cos@ + i sin 9)4 = cos40 + i sindéd 1
(c) cosd0 = cos'6 — 6 cos’ 6 sin*f + sin* 6. 1
(d) cos48 = cos'® — 6 cos’ @ sin®@ + sin’ @

= cos'f - 6 cos’ {1 - coszf)) + (1 - 00329)2

1 for using sinZ8 = 1 — cos?8

= cos*f — 6 cos’f + 6 cos*B + 1 —2cos’f + cos'B 1
= 8 cos*® — 8 cos’O + 1 1
= 8(cos*® - cos’8) + 1

ie.k =8m=4n=2,p =1, 1
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In a chemical reaction, two substances X and ¥ combine to form a third
substance Z. Let Q (¢) denote the number of grams of Z formed ¢ minutes
after the reaction begins. The rate at which Q () varies is governed by the
differential equation

a0 _ 0 -0d5-0)

dt 900
(a) Express 200 in partial fractions. ()
(30 - (15 - Q)
(b) Use your answer to (a) to show that the general solution of the
differential equation can be written in the form
30 - Q
Aln(15 — Q) =t+C,
where A and C are constants.
State the value of A and, given that O (0) = 0, find the value C. 4)
Find, correct to two decimal places,
(i) the time taken to form 5 grams of Z, Q)
(i) the number of grams of Z formed 45 minutes after the reaction
begins. (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 1.1 2 1.1.6 1999 SY1 Q15
(b) 4 2.2 4 2.2.5
(b)(1) 1 2.2 1 2.2.7
(b)(ii) 2 2.2 2 2.2.7

Mathematics: Additional Questions Bank (Advanced Higher)

71




(a) 900 = A(15- Q)+ B30 - Q) 1 for method
Letting 0 = 30 givesA = —60

and J = 15givesB = 60 1 for values
900 __—60 N 60
B0-0)15-09) (30-0) (15-O)
(b) g _ (30 -5 -0)
dt %00
900 .
o f(SO—Q)(lS = Q)dQ = fdt 1 for separating

—-60 60
© gt wope -l
60 In(30 - Q) — 60 In(15 - Q)

t + C1 for integrating

ie. 60 1n(i’(5] - g) =t+C
A =60 1
C = 60 In2(= 41.59 to 2 decimal places) 1
@ =601(3O_Q)—6012=601(M)
: "T5-0 : "2 -0
When Q =5, t = 601n2% = 13.39 minutes to 2 decimal places. 1
(ii) m(ﬂ:&) _ b
2(15 - Q)) 60

30 - Q = 2(15 - 0)¢”™ 1 for eliminating logs
02" - 1) = 30" -1

30 -1
Q - 2611‘60 -1

When ¢ = 45,0 = 10.36 grams to 2 decimal places. 1
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A plastic container for holding pens is made from a cylinder with conical
ends as shown in the diagram. The cylinder has radius 3 cm and length H
cm. Each cone has perpendicular height & ¢cm and slant height / cm. The
total volume of the container is 900 cm”.

H

——h— ——h——

(a) Find an expression for H in terms of A. 3)
(b) Show that the surface area, § cm?, of the container is given by
S = 600 - 4nh + 62Y9 + K. (3)
(c) Find the value of A for which the total surface arca of the container is a
minimum. Justify your answer. (5)
Note
You may use the following formulae for
the volume and curved surface area of a c
cone with base radius a, perpendicular
height b and slant height c.
Volume = {ma®b.
Curved surface area = mac. “
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 3 1.2 3 1.2.8 1999 SY1 Q16
(b) 3 1.2. 3 1.2.8
{c) 3 1.2 3 1.2.8
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(a)

ar*H + 4nr’h = 900 1

Butr = 3, .. 9nH + 62h = 900 1
y o 1002, 1
7 3

(b) Area of curved surface of one cone = zwr! = 3zvh* +9 1 for using I = VA2 +9
Curved surface area of the cylinder

100 2

=2m~H=6n(——§ )=600—4:rrh 1
4
So, § = 600 — 4xh + 6xVE* + 9 1
© g-g = 4w + 61520 (K + 9)} 1
= -4 + \/}g_nfj = 0 at stationary values 1
3h = 2VR2 + 9 1 for this (or equivalent)
On" = 4K* + 36
o= 20
5
h = LI 9\/5 1 for this (or equivalent)
V5 5 a
as __,, , oo
dh vh: + 9
s _ 0+ 0" - hp2m(r + 97"
dnr B+ 9
_6Eh2+9—h2 _ A
- (R + 9)3/2 - (h2 + 9)3/2
So the stationary value is a minimum turning point. 1 for checking nature
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Use induction to prove that

n

Yo+ 1) =ln(n + D(n + 2)

r=1

for all positive integers n. ()]
level Content Reference:
part marks Unit C A/B Main Additional Source
5 35 5 3.5.6 1999 SY2 Q1
Trueforn = 1since LHS= 1 x2 = 2andRHS =4 x1x2x3=2, 1
Suppose true for n = %, so that
k
Nortr+1) = tkk + Dk + 2) 1
r=1
Then
k+1 k
rr+ 1) = 3+ 1D+ k+ DK+ 2)
r=1 r=1
=k + Dk +2)+ Kk+ DKk+2) 1
=4k + Dk + 2)(k + 3) 1
=4k + Dk + D)+ Dk+ 1+ 2 1
Sotheresultistrue forn = k£ + 1.
Since it is true for n = 1 and true for n = k + 1 whenever it is true for
n = k,itistrue foralln > 1.
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The n x n matrix A satisfies the equation
A = 5A+3I
where [ is the n x n identity matrix. Show that A is invertible and express

A~' in the form pA + gl. 2)
Obtain a similar expression for A*, (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
4 3.2 2 2 322 1999 SY2 Q2
AA - 5D = 31 1
SoA x 4(A - 31) = I,sothat A”! exists and is L (A — 5I). 1
A= AP x AP = (5A + 3D(5A + 3D
= 254" + 304 + 9] 1
= 25(5A + 30) + 30A + 9
= 155A + 847 1
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(i) The sequence {u,} is defined by 1, = 1, u, = 3u,_, +2 (n 2 2).

Let

a1 {30
(=) 5= (29)

Show that A,_ B = A,, and deduce that

A, = AB"L (4)
By taking determinants, deduce thatu, = 2 x 31— 1. 2)
. _[53 _af 11
(ii) Let S = (3 5)and'l‘ = \5(_1 1).
(a) Show that D = T’ST is a diagonal matrix, 2)
(b) Explain briefly the geometrical significance of the transformation
X X
x = TX where x = (y) and X = (Y) (1)
(¢) Use this transformation to rewrite the equation
5¢ + 6xy + 5% = 16
intermsof X and Y. €)
level Content Reference:
part marks Unit C A/B Main Additional Source
(i) 6 3.2 4 2 322 3.24 1999 SY2 Q7
(ii) 6 3.2 3 3 322 329
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SOA,, = n—lB = An_sz = An_3Ba = .
Thus |A4,] = |A| x |BI"™"
i€y, =2 x 3L

b O p= Lft-1{53}/11
2v1 1 J\35/i-11
_I1f2-2i11
218 8 Ji-11
_1{a 0} _ (2 0)
210 16 08
(ii) Rotation of axes through %.
(ii1) 5¢ + 6xy + 57 = x'Sx
= X'T'8Tx

= x'Dx = 2X* + 8¢?
i.c. equation becomes 2X? + 8Y? = 16.
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(a) Use the Euclidean algorithm to find integers x and y such that

37x + 23y = 1. 3
(b) It is given that if x = x5, y = yp is a particular integer solution
of the equation ax + by = ¢, where g, b, c are integers with a
and b coprime, then the general integer solution is x = xp — bt,
y =)y +att e Z
Hence solve the following problem.
Chocobars cost 23 pence each, and Choconuts cost 37 pence each.
Jo bought some of each, and the total cost was exactly £10. How
many Chocobars did Jo buy? (6)
(ii) Use the method of proof by contradiction to show that /3 is
irrational. @
level Content Reference:
part marks Unit C A/B Main Additional Source
(iX(a) 35 3 3.5.10 1999 SY2 Q8
(b) 35 6 3.5.11
(ii) 25 4 25.6
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(@) 37 =1x23 + 14
23 = 1x14+9
4=1x9+35
9=1x5+4
5=1x4+1

So

1=5-9-5=2%x5-9
214 -9 -9 =2x14-3x9
2x14-323-14) =5x%x14-3x23
5(37 - 23) - 3 x 23

5x37-8x23
Thusx = Sandy = -7.

Let x = number of choconuts and y = number of chocobars.
So, we have to solve
37x + 23y = 1000
One solution is x; = 5000, o = —8000
so the general solution is

x = 5000 - 23¢, y = —8000 + 37t

Require t < % = 21739...
8000
d t 2 — = 216-21...
a 37
Thust = 217

which givesy = 37 x 217 - 8000 = 29.

(b) Suppose V3 = % where a, b are coprime integers.
Then a* = 36> s0 3 | @ so 3| a.
Soleta = 3c and the equation becomes
W = 9 = b = 3
But then 3 | b and so a, b are not coprime. Thus a contradiction is
established and hence v/3 is irrational.
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cos @ sin #

(a) Show thatif M = ( ) )then]l/[2 = I where [isthe 2 x 2
sin® — cosé
identity matrix, (D
By choosing two different values of 6, exhibit two matrices A, B such
that A> = Jand B® = Ibut (ABY = I. G
(b) Prove that if C and D are n x n matrices such that C* = [, D? = [
and C and D commute, then (CD)* = I. (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 5 3.2 1 4 322 1999 SY2 Q9
(b) 2 3.2 2 323
(@ , [cos6 sind \[cos@ sinf | [cos?d +sin?f 0
"1 sin@ —cosf )\ sin@ —cosf | 0 sin?@ + cos?8
=]
_ {01 _{-10
TakcA—(lO)andB—-(O 1). 2
01
Then AB = (_1 0) 1
2 (0 1}{O0 1} _ [-1 0
where (AB) —(_1 0)(_1 0)-—(0 _1);&]. 1
(b) Suppose C? = D = IandCD = DC.
Then
(CD)Y* = CD.CD 1
= DC.CD
= DCD =DD = I 1
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®

(i)

Show that the lines
L, x—3_y+1 _2—6
2 3 1
x-3 y-6 z — 11
L =%
intersect, and find the point of intersection. (6)
Obtain an equation for the plane containing both L; and L,, 3

Which of the following statements about 3-dimensional vectors are true
and which are false? Justify each true statement and give a counter-
example to each false statement.

(a) uwuxv=yvxuforallu,.v.

() (u x v).u = Oforallu,v.

© u.(vxw =v.(ux w) forallu, v, w. (6)
level Content Reference:
part marks Unit C A/B Main Additional Source
@) 6 3.1 6 3.1.6 SY2 1999 Q10
3 31 3 3.1.7
(ii) 6 3.5 6 354 3.1.3/4
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) L :x=2s5+3y=3-1z=s5+6 1
L, : x=-t+8,y 2t + 6,z = 2r + 11 1
Equating the x and y formulas gives

2s+3=-tr+8and 35 -1 =-2t+6 1
=t =-2s+5and3s = 25 + 7
leading tos = 3 andt = -1 1
Checkingz:s + 6 = Sand 2r + 11 = 9 1
so the lines do intersect,
Point of intersection is (9, 8, 9). 1
Normal to plane is
i + 3j + k) x (-i — 2j + 2Kk) 1
i j k
=12 3 1|=8~-5-k 1
-1 -2 2
So the equation of the plane is
8x -5y —-z=T72-40-9
8x -5y -z =123 1
(ii) (a) False 1
e.g.taken = i, v = j 1
(b) True
u X vis perpendicular tou 1
so(u x vy.au = 0, 1
(c) False 1
eg L(jxk)=ii=1j@{iAxk) =j(-)p=-1 1

Note: in (a) and (b) an unsupported claim of ‘false’ would not get a mark.
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(a) Differentiate f (x) = e *2. )

(b) Differentiate g (x) = Invx? + 3.
Sx

ind . 3,
Hence fin I Z 3 3dx 3,2
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 1.2 2 1.24 1.2.5 2000 SY1 Q1
(b) 3 2.1 3 2.1.5
2 2.2 2 2.2.1
(2) 1 for 2x
= e11+3 = =2 x2+3
f) frx)y=2xe Lfor g%+
{(b) Method 1
g(x) =Inva +3 = +In@® +3)  1forsimplifying
, 1 2 X 1 for 2x
g (x) [ 5 = .
2G2+3) (2 +3) 1 for (x* + 3)
Method 2
g = v +3 = In(@ + 3"
-4
, %(x2+3)-£2x X 1f0l‘%(1’2+3)
g = R = 3 1 for 2x
o+ 3) 1for (2 + 3}
© S x b
I(xz T3 dx = 5 J' &+ 3) dx 1 for handling the ‘5’
=5lnvyx2+3+¢ 1 for result
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Let A be the matrix

-1 6 -3
A=|-2 713
-4 12 -5
Show that A> + A2 — A = [ where / denotesthe 3 x 3 identity matrix. E))
level Content Reference:
part marks Unit C A/B Main Additional Source
4 34 4 342 2000 SY1 Q3
-1 6 -3{{-1 6 -3
A =|-=2 7-3]||-2 7 -3 |1 method for multiplying
-4 12 -5)1-4 12 -5
100
=010 2 E 1 for accuracy
001

JA+ A -A=A+1-A=1 1forevidenceofd’ = A, etc
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Plot the complex number z = V3 + { on an Argand diagram and find the

modulus and argument of z. 3
Calculate = where 7 denotes the complex conjugate of z. (2)
zZ
Use de Moivre's theorem to evaluate z5. (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
3 23 3 2.3.7 2.34 2000 SY1 Q4
2 23 2 236 237
2 23 2 23.13
A
,/’/ 1 for reasonable diagram
|z] =43 +1 =2 1
a1
= tan”' — = 30° 1
arg z an 7
z_V3-i V3-i :
z V3+i V3-i
_2__2\/§i_1__\/§i 1
4 2 27
2% =2%(cos6 x 30° +isin6 % 30°) 1 for using de Moivre
=2%x (-1) = -64. 1
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The function g is defined by

glx) = xtan"'x, x € R.
Verify that the second derivative of g is given by
g = '(“i*“f‘xz—)z
where C is a constant, State the value of C. (5)
Explain why the graph of g has no points of inflexion. (1)
level Content Reference:
part marks Unit C A/B Main Additional Source

2.1 2 2.1.1 1.24 2000 SY1 Q6

1.2 3 1.2.4

1.4 1 143

glx) = xtan ' x

X 1 for using product rule
¥+ 1  1for L{tan'x) = 15

1 (o + 1) — x2x

sgx) = tan"'x +

" = 1 fi i
g" (x) 211 + o+ 17 or quotient rule
Z+14+1-42
= > 1
(2 + 1)
2
= < 1
(x2 + 1)?

(therefore C = 2).

g"(x) >0 (or g”"(x) # 0) so the graph of g has no points of inflexion (or
equivalent). 1
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The diagram below shows the graphs of y = x and y = A (x) where the

function 4 is defined by
h(x) = 73, -1<x<3.
3
¥y
2
y=x
1 y = h(x)
P
S x
- i 2 3
-1
(i)  Sketch the graph of the inverse function A7,
(ii) Find a formula for AL, (1,2)
level Content Reference:
part marks Unit C A/B Main Additional Source
(i) 1 1.4 1 1.4.7 2000 SY1 Q7
(ii) 2 1.4 2 1.4.7
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()
h' (0

(ii) Lety = ¢*"%thenx — 2 = Iny
ie.x = 2 +Iny
ie.h ' (x) = 2 + Inx
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The acceleration of a particle travelling in a straight line is given by

1372 ms 2, where ¢ is the time in seconds since the particle started moving.
+r

Given that the velocity is zero when + = 1 find the velocity when t = V3. 4
level Content Reference:
part marks Unit C A/B Main Additional Source
4 1.2 4 1.2.8 2000 SY1 Q8
d
v _1 i
dt 1+ ¢
1
V= J. 1+ tzdt
= tan"'t + ¢ 1
t=1=>v=0=c=-— 1
4
T & 7
Boav=3-7°13
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Express in partial fractions

11 - 2x
oY @
Hence obtain
11 — 2x
—d 3
sx2 +x-2 * 3
level Content Reference;
part marks Unit C A/B Main Additional Source
3 1.1 1.1.6 2000 SY1 Q10
3 2.2 2.2.1
11 —2x 11 — 2x
2 +x-2 x-D{(x+ 2
A B

-1 x+2
11-2x=A(x+2) +Bx-1
S 1= 34 = 94=3
x=-2= 3B =158 = -5

11 -2x 3 5
3 +x—2 2 3x—1 x+2

=[Bln(x- D -5Inx+2)]3
=3n4-3In2-5In7+5Ins

g5
(m 355-) = 0.397.
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The function f is defined by

and the y-axis.

f(x) = e cosx,

0<x< i
(a) Find the stationary point of f and determine its nature.
Sketch the graph of f showing clearly where the graph meets the x-axis

(b) By integrating by parts twice, show that

[f)dx = 4é*(cosx + sinx) + C
where C denotes the constant of integration.

(3)

4)

(c) Use the previous results to calculate the area bounded by the graph of f
and the coordinate axes.

)

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 5 1.4 5 1.4.9 1.2.4/5 2000 SY1 Q1i12
(b) 4 2.2 2 2 224 1.33
(©) 2 2 1.3.6
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(a)

]
o

F(x) = e cosx - ¢ sinx

when tanx = liex = §
£ (x) = ¢*(cosx — sinx) > O forx < &
f"(x) = ¢*(cosx — sinx) < Oforx > T
ie.(Z,e"*/\2)is a maximum.

®) J£eadx

J' e' cosxdx

]

e I cosxdx — Iexj cosxdx dx

e sinx — jex sin x dx

= ¢ sinx + ¢ cosx — J‘ex cosx dx
n2 J.e't cosxdx = €' (sinx + cosx) + C’
ie. [f(x)dx = $e*(cosx + sinx) + C

©) Area = j;'fz F () dx

/2

[%ex (cosx + sinx)

1 72 -
E(e ~ 1)(= 191)
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A car manufacturer is planning future production patterns.
estimates of time, cost and labour, he obtains a set of three equations for the
numbers x, y, z of three new types of car. These equations are

Ix+y+ A+ 2z

2+ 3y + 2

X+ 2y +:z

60
85
105,

where the integer A is a parameter such that0 < A4 < 10.

(a) Use Gaussian elimination to find an expression for z in terms of A,

Based on

&)

(b) Given that z must be a positive integer, what are the possible values for

z?

(c) Find the corresponding values of x and y for each value of z.

(2
(2)

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 5 1.5 5 154 2000 SY1 Q13
(b) 2
(c) 2
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(a) x+2y+z= 60
2x +3y+z = 85
Ix+y+ @A+ 2z =105

x+ 2y +z = 60 1forusing Gaussian elimination
-y —z =-35 1 for new equation 2
=Sy + @A -1z =-75 1 for new equation 3
x+2y+z= 60
~y -z = =35
4+ 4z =100 1 for eliminating y
100
= 1
=1
(b) 4 + Aisa factor of 100,
soA = 1 whichgivesz = 20 1
ord = 6givingz = 10. 1
(or give 1 mark for both values of 1)
(c) z=20=2y=15x=10 1
z=10=2y=25x=0. 1
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By writing
k+1° -k =3 +3k + 1,

show that
N i =+ 1)2n + 1). (5
k=1
Deduce that
2+ 82 +65+ ...+ =i+ D2+ 1), (2)
Hence obtain the sum of the squares of all the even integers between 99 and
201. (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
5 3.5 5 3.5.6 2000 SY1 Q14
4 3.5 4 358

Sk + 1Y - &) = 3 (38 + 3k + 1) 1 for idea of summation
k=1 k=1

1 for ‘telescoping’

So(n+ 1’ -1=33k+33Xk +n
1 for RHS

3% =(n+ 1’ =3n(n+1)=(n+1) 1forusing Tk=1n(n+1)
=(n+1)(n2+2n+1--z-n—1)
=4(n+1)(2n* +n) 1

ie. Y & = %n(n +1D2n+1)

2+ 6+ L +2n) =271+ 22+ +n2) 1 for common factor

=3 + )(2n + 1) 1 for using result above

= n(n + DQ2n + 1).

100%+ ... +200% = (100 x 101 x 201 —49 x 50 x 99) 1 for using 100 and 49
= 1191700 1
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A tank initially holds 20 litres of pure water. A solution of water containing
0.1 kg of salt per litre flows into the tank at a rate of 4 litres per minute. The
contents of the tank are stirred continually to maintain a uniform
concentration and liquid flows out at the same rate. At time ¢ minutes, the

water in the tank contains x kg of salt.

(a) Write down expressions for
(i) the amount of salt flowing into the tank per minute,
(ii) the amount of salt flowing out of the tank per minute.

(D
(D

Hence show that at any time ¢ > 0, the amount of salt, x kg, in the tank

can be modelled by the differential equation
dx 2 -x

dr 5

(b) Find a formula for x in terms of ¢.
(c) How much salt is present after 20 minutes?

(d) In the long term, what will be the amount of salt in the tank?

(2

4
(2
(M

level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 2.2 4 2.2.6 2000 SY1 Q15
(b) 4 2.2 4 225
(c) 2
(@) 1
{a) (1) the amount of sait flowing in per minute is 0.4 kg 1
(ii) the amount of salt flowing out per minute is 25 = %. 1
dx X 2 -x
— =04-%== 1
dt 5 5
0) @ _ 4 1
-[ 2 -x Jl 5
—ln(2—x)=§+c 1
t=0x=0=¢c=-In2 1
2 s
2 —x ¢
x =2(1 - ¢ 1
© t=20=x=2(1-¢" 1
x = 196 kg 1
(d) Inthelongterm,x — 2 so the limitis 2 kg. 1
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Use the Euclidean Algorithm to find integers x, y such that

181x + 79y = 1.
Hence write down the multiplicative inverse of 79 in Z,g,. (3
level Content Reference:
part marks Unit C A/B Main Additional Source
5 3.5 2 3 3.5.10 3.5.11 2000 SY2 Q1
181 =2 x79 +23 1
79 = 3 x23 + 10
23 = 2 x 10+ 3
10 =3 x3+1 1
Hence
1 =10-3(23-2x10) 1
=7x10 -3 x 23
=7(79 -3 x23) -3 x23
=55 x 79 - 24 x 181 1
The inverse of 79 is 55. 1
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Use induction to prove that

for all positive integers n. (5)
level Content Reference:
part marks Unit C A/B Main Additional Source
5 3.5 1 4 356 2000 SY2 Q3
Whenn = 1,LHS il—1'RHS—l(l—l)—l-sotrueforn—l 1
nEa ¥ 3 2\ "3/7 73 ’
k1 1 1 1
Assume true forn = k, so that Z‘ 3— 5 - %)
k+1 k
1 1 1 1 1
Ten 35 = Y5+ 37 = 500 )+ 1
1 3 2
= 5(1 - 3k+l + 3k+1) 1
1 1
T 5(1 B f)‘

1.

So the result is true for n k+
and true for n = k + 1 whenever it is true for
1.

Since it is true for n = 1
= k,itistrue foralln >
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A square matrix M is orthogonal if MM = L.

(a) Prove that if A and B are n x n orthogonal matrices then so is AB. (2)
(b) Prove that if A is orthogonal thendetA = x1. (2)
(You may assume thatdetA = detA’.)
(c) Give an example of a2 x 2 matrix P which is not orthogonal but is such
thatdet P = 1. Justify your answer. (2)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 2 32 2 323 2000 SY2 Q4
(b) 2 32 2 324
(©) 2 3.2 2 3.24 3.54
(a) Given AA" = BB = [, then
(AB)" (AB) = BA'AB 1
= B(AA)B = BIB
= BB =1 1
(b) det (A’A) = det! = 1 1
detA’. detA = 1
o(detd) = 1 = detA = 1 1
(c) Any appropriate example will do.
For example, P = ([1) i)issuchthatdetP =1x1-0x1-=1 1
1011 11
But PP = = ;
u (11)(01) (12)’” 1
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Consider the following two statements S and T.

S: If p and g are two odd prime numbers then p + g is not prime,
T: If p and q are two odd prime numbers then p — g is not prime.
For each of S and T, give a proof if it is true, or give a counter-example if it

is false. (3)
level Content Reference:
part marks Unit C A/B Main Additional Source
3 35 3 353 3.54 2000 SY2 Q5
S is true. If p and g are two odd primes then p + g is even. 1
Since odd primes are greater than or equal to 3, p + g cannot be 2. 1
T is false. Forexamplep = 5,4 = 3. 1
(Other examples will do, but they must differ by 2.)
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Throughout this question

(a)
(b)

(c)

01 {13
M—(ll) and A—(34).
Find A, M? and M°A. (4)
The Fibonacci numbers f,, are defined by
fi=1h fr=2 fasfor+faz (n323)),
Thus, each Fibonacci number is the sum of the previous two:
fai=fHhi+tfi=2+1=3, f4 =3+2=235, etc.

Prove by induction that

Mn+2 - ( fn fn+1)

fn+lfn+2

for each positive integer . 4)
The Lucas numbers 4, are defined by

Al =1, 12 = 3, Aﬂ = /1:1—1 +A'n—2 (n 2 3);
sothatdz = 3+ 1 =4, 4; =44+ 3 = 7, etc.

Verify that
3 Aq As
MA = As A ) . (2)
. Anst Ao e
(d) It is given that M"A = s Ao for all positive integers n. By
using the identity M" = (M"A) A™!, and the results of (a) and (b), show
that f,, can be expressed in the form
frn = Shny2 — thyys
and determine the values of s and ¢. (5)
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 3.2 4 3.24 322 2000 SY2 Q7
(b) 5 35 5 3.5.6 322
(c) 2 35 2 3.53
(d) 4 3.2 4 322
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(a) A - 1(4—3)=1(-43)
T 4-9\-3 1 53 -1
5 _ (0111} (12
M_(ll)(lz)_(23)
s, _(12\f13\ _[7 11
MA*(23)(34)‘(1118)

(b) Whenn=1, LHS=M’= ( ; §) (from (a)) and

fi1f2 (1 2)
RHS = = so result holds whenn = 1.
(fz f2] 123
Suppose the result is true for n = k,ie. M**? = Fe S . Then
fk+lfk+2
MY = Mt = fr fiar (0 1)
fk+lfk+2 11

_ {frer Si +fesr | (fk+1fk+2
frez frvt + fraz fev2 fras

fk+l f(k+l)+l)

f(k+1)+l f(k+l)+2

Since result is true for n = 1 and true for n = & + 1 whenever it is
true forn = k,itistrueforalln = 1.

© A =7+4 =114 =11 +7 = 18.

34 _ 7 11 _ ’14’15
and M°A = (11 18) ‘(,15,16‘

(d) M" = (M"A) A~ becomes
fn—2 fn—l - l An+l ’ln+2 (—4 3 )
fn—l fn 5 ﬂ-n+2 ;'-n+3 3 -1

Selecting the (2, 2) element on each side gives
fn = %(3’1n+2 - A'n+3)

SO s =23t =1
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The Millennium Pyramid is constructed with a hexagonal base and six
isosceles triangular faces. The vertices of the base are the points A(2, 0, 0),

B(1, v3, 0}, C(-1, V3,0, D(-2,0,0), E(-1, -3, 0) and
F(1, —/3, 0). The apex G of the pyramid is the point {0, 0, 3).
(a) Find the equation of the plane containing the triangle ABG, 4
(b) The angle between two faces is defined to be the acute angle between
their normals,
Find (i) the angle between the face ABG and the base; 3
(i) the angle between the faces ABG and AFG. Y]
(c) An inward-pointing spotlight is located at the centroid of each
triangular face so that its beam is perpendicular to the face. Find the
point on the z-axis which is illuminated by the spotlights. (4)
Note The position vector of the centroid of a triangle POR is given by
p+q+r),
level Content Reference:
part marks Unit C A/B Main Additional Source
(a) 4 3.1 4 3.1.7 3.14 2000 SY2 Q8
(b)) 3 3.1 3 3.1.8
(b)(ii) 4 3.1 4 3.18
(c) 4 3.1 4 3.19 3.1.5
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(a) One method is to find vectors for two of the sides, form the vector
product to obtain a normal and then use one comer to finish the

equation.
FA = i+3j; FG = —i+3j+ 3k
i j k
— )
FAxFG =1 v3 0| =3V3i - 3j+2V3k
-1 v3 3

Hence, equation of AFG is of the form 3x - V3y+ 2z =kand k = 6.
3 -V3y +22 =6

(b) (i) The normal to the base is k and to AFG is 3i — V3j + 2k. 2

Applying a.b = ab cos® where # is the angle between the
normals gives

149 + 3 + 4 cosf

ie.cos® = fie. 0 = (= 60°.

(i) The normal of EFG is

k.(3i - V3j + 2k) = 2

| ]

—_ —

EF x EG = 2i x (3i — V3j + 2Kk)
= -6j + 2V3k
As before,
4 x &/3cosp = (3i — V3j + 2k).(-6j + 2v3k) = 10v3
10v3 5
= ——— == = 51.32°
= cos¢ 123 2 = ¢

(©)  Centroid of AEFG is (0, =28, 1)
so the equation of the line of the beam from this point is

x—0_y+£§’r3_z—1_t

0 -6 2V3
s : : V3
This line meets the z-axis when y = 0,i.e. whent = e
Thusz = 1 — 2V3 x % =1 —% = % Point is {0, 0, 1).
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